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Abstract: A proper edge coloring of a graph G is called acyclic if there is no bichro- 
matic cycle in G. The acyclic chromatic index of G, denoted by x'ai^)^ is the least number 
of colors k such that G has an acyclic edge /c-coloring. Basavaraju et al. [Acyclic edge- 
coloring of planar graphs, SIAM J. Discrete Math. 25 (2) (2011), 463-478] showed that 
'S ' x'ai^) — ^(^) + 12 for planar graphs G with maximum degree A(G). In this paper, the 

^ '■ bound is improved to A{G) + 10. 
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In this paper, all considered graphs are finite, simple and undirected. We use V{G), 
E{G), S{G) and A(G') (or V, E, 6 and A for simple) to denote the vertex set, the edge set, 
the minimum degree and the maximum degree of a graph G, respectively. For a vertex 
CN ' V E V{G), let N{v) denote the set of vertices adjacent to v and d{v) = |A(t>)| denote the 

degree off. Let Nk{v) = {x E N{v)\d{x) = k} and nk{v) = \Nk{v)\. A vertex of degree k 
is called a k-vertex. We write a k^ -vertex for a vertex of degree at least k, and a k~ -vertex 
^ i for that of degree at most k. The girth of a graph G, denoted by g{G), is the length of 

its shortest cycle. 

As usual [k] stands for the set {1,2, ... ,k}. 

A proper edge k-coloring of a graph G is a mapping (f) from E{G) to the color set 
[k] such that no pair of adjacent edges are colored with the same color. A proper edge 
coloring of a graph G is called acyclic if there is no bichromatic cycle in G. In other 
words, if the union of any two color classes induces a subgraph of G which is a forest. 
The acyclic chromatic index oi G, denoted by xU^)' is the least number of colors k such 
that G has an acyclic edge /c-coloring. 

Acyclic edge coloring has been widely studied over the past twenty years. The first 
general linear upper bound on Xai^) ^^^ found by Alon et al. [1] who proved that 
x'ai^) — 64A(G'). This bound was improved to 16 A (G) by MoUoy and Reed [13]. 

In 2001, Alon, Sudakov and Zaks [2] stated the Acyclic Edge Coloring Conjecture, 
which says that x'ai^) — ^(^) + 2 for every graph G. Though the best known upper 
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bound for general case is far from the conjecture A{G) +2, the conjecture has been shown 
to be true for some special classes of graphs, including graphs with maximum degree at 
most three [4], non regular graphs with maximum degree at most four [6], outerplanar 
graphs [11], graphs with large girth [2], and so on. 

Fiedorowicz et al. [9] gave an upper bound of 2A[G) + 29 for planar graphs and of 
A(G') + 6 for triangle-free planar graphs. Independently, Hou et al. [12] proved that 
x'aiG) < max{2A(G) - 2, A(G) + 22} for planar graphs and x'aiG) < A{G) + 2 for 
planar graphs with girth at least 5. Borowiecki and Fiedorowicz [8] showed that x'ai^) — 
A(G) + 15 for planar graphs without cycles of length 4. Hou et al. [10] improved the 
bound to A(G') + 4. Recently, Borowiecki et al. [5] showed that x'aiG) < A(G') + 12 for 
planar graphs. In this paper, the bound is improved to A(G) + 10 as follows. 

Theorem 1.1 Let G be a planar graph with maximum degree A(G'). Then Xai^) — 
A(G) + 10. 

In Section 2, we give a structural lemma of planar graphs using discharging method. 
In Section 3, we consider the properties of so-called acyclically edge critical graphs. In 
Section 4, we give the proof of Theorem 1.1. 

2 A structural lemma 

In this section, we give a structural lemma of planar graphs using the well-know discharg- 
ing method. This lemma plays an important role in the proof of Theorem 1.1. 

Lemma 2.1 Let G be a connected planar graph. Then there exists a vertex v with k 
neighbors f i, f2, ■ ■ ■ ,Vk with d{vi) < ■ ■ ■ < d{vk) such that at least one of the following is 
true: 



(A) k < 2; 

(^2) k = ?> with d{vi) < 11; 

(^3) k = A with d{vi) < 7 and d{v2) < 9; 

(^4) k = 5 with d{vi) < 6, d{v2) < 7 and d{v^) < 8. 



Proof. By contradiction, let G be a planar graph with a fixed embedding in the plane 
and suppose that G is a counterexample to the lemma. Let F{G) denote its face set. We 
may assume that G is a 2-connected triangulation, for otherwise, we could add edges to 
G obtaining a triangulation G'. If none of (^i)-(^4) holds for G, then clearly none of 
(^i)-(A) holds for G'. 

We associate a charge ip{x) to each element x G V{G) U F{G) by ip{x) = 2d{x) — 6 if 
X G V{G), and ip{x) = d{x) — 6 ii x E F{G). We shall transfer the charge of the vertices to 
the faces of G, in such a way that the total charge of vertices and faces remains constant. 
The discharging rules are defined as follows. 

(Ri) Every 6^- vertex f of G gives ^7^ to each incident face. 

(-R2) Let f be a 4-vertex of G. If its neighbors are 8'^-vertices, then v gives | to each 
incident face. Otherwise, v is adjacent to at most one vertex whose degree is at most 



seven, say vi. Then v gives | to each each incident face containing vvi and | to each the 
other incident face. 

(-R3) Let f be a 5-vertex with neighbors f 1, V2,- ■ ■ , ^5 such that d{vi) < ■ ■ ■ < ^(^5). 

(-R3.1) If d{vi) > 7, then v gives | to each incident face. 

(-R3.2) If d{vi) < 6 and ^(^2) > 8, then v gives | to each incident face containing vvi 
and I to each the other incident face. 

(i?3.3) If d{vi) < 6 and d{v2) < 7, then ^(^3) > 9. When the edge vvi and VV2 
belonging to a same face /, then v gives 1 to face /, | to the face only containing vvi or 
VV2, I to each remaining incident face. Otherwise, v gives y| to each face containing vvi 
or VV2, -^ to each the other incident face. 

By Euler's formula, we have 

E v^(^)+ E ^(/)= E inv)-Q)+ E K/)-6) = -i2. (1) 

v<aV(G) /eF(G) i;ey(G) /gf(g) 

After doing all possible charge transfers once, let <^'(x) be the resulting charge on each 
element x G V{G) U F{G). Then 



J2 V'ix)= J2 V^(^) = -12. (2) 

xGV{G)UF{G) xeV{G)UF{G) 

Now we shall show ^p'{x) > for any x G V^(G') U F{G), a contradiction to (2). 
Let V be any vertex of G. Clearly, '^'{v) = ip{v) = 0, if d{v) = 3, and (p'{v) = 
^{v) - d{v) X fg = 0, if div) > 6 by (i?i)- 

Suppose that w is a 4-vertex. Then ^p{v) = 2. If the neighbors of v are 8"'"-vertices, 

i = 0; otherwise, ip'{v) = ip{v) -2x|-2x| 



then (p'{v) = (p{v) -4x^ = 0; otherwise, (p'{v) = (p{v) -2x|-2xi = 0by {R2). 

Suppose that f is a 5-vertex. Then ip{v) = 4. If d{vi) > 7, then (p'{v) > ip{v)—5x^ = 
by (i?3.i)- If d{vi) < 6 and d{v2) > 8, then ip'{v) > ip{v) -2x|-3xi = 0by 
(i?3.2). Otherwise, d{vi) < 6, d{v2) < 7 and ^(^3) > 9, since G does not contain the 
configuration (^4). In this case, if vvi and VV2 are incident with a same face, then 
ip'{v) > ip{v) -l-2x|-2x| = 0. Otherwise, ip'{v) > ip{v) -4xi|-^ = 0. 

Let / = [xyz] be any 3-face of G with d{x) < d{y) < d{z). Then v^(/) = —3. If 
d{x) > 6, then / gets at least 1 from each incident vertex, v^'(/) — vif) + 3x1 = 0. If 
d{x) = 6, then d{y) > 12. This implies that y (or z) gives at least | to / by (-Ri), so 
^'(/)>V^(/) + 2x| = 0. 

Suppose that d{x) = 4. Then x gives at least | to /. We consider the degree of y. If 
d{y) > 10, then (p'{f) > ip{f) + | + 2x| = 0. If8< d{y) < 9, since G does not contain 
the configuration (.4.3), v is not adjacent to a 7^-vertex. This implies x gives | to / by 
(i?2), so if' if) > ifif) + i + 2x| = 0. Otherwise, d{y) < 7 and d{z) > 10. The vertex x 
gives I to / by {R2) and z gives at least | by (-Ri). Moreover, y gives at least | to / by 
(R,), (i?2) and (i?3). Thus ip'{f) > ^(/) + 2 x | + | = 0. 

Suppose that d{x) = 5. Then x gives at least | to /. If d{y) > 8, then ^p'{f) > 
V9(/) + i + 2 X I = by (i?i). If d{y) = 7, then x gives | to / by (R^), so ^'{f) > 
vif) + | + 2x|>0. Otherwise, d{y) = 5 or 6. Note that x (or y) gives at least | to / 
by (i?i) and (-R3). We consider the degree of z. 



Case 1. d{y) > 9 

Then v9'(/)>V^(/) + | + 2x 1 = 0. 

Case 2. d{y) = 8. 

In this case, x gives | to /. Thus (/?'(/) > (/?(/) + | + 2x|>0. 

Case 3. d{y) < 7. 

In this case, x sends 1 to / by (-R3.3), x (or y) sends at least 1 to / by (i?i) and (-R3.3). 
Thus ^'(/) > <^(/) + 3x1 = 0. 

In any case, we have ^p'{x) > for any x G V{G) U F{G), a contradiction to (2). This 
completes the proof of Lemma 2.1. I 

3 Properties of acyclically edge /c-critical graphs 

Let (j) : E{G) — > [k] be an edge A;-coloring of G. For a vertex v G V{G) and an edge 
e = uv, we say that the color 0(e) appears on w. Let G^{v) = {(f){uv)\u G A^(f)} and 
F^iuv) = {(f){vv')\v' G N{v),v' 7^ f}. Note that F^{uv) need not be the same as F^{vu). 

Recall that a multiset is a generalized set where a member can appear multiple times. 
If an element x appears t times in a multiset iS, then we say that the multiplicity of x 
in S is t. In notation mults{x) = t. The cardinality of a finite multiset S, denoted by 
||iS||, is defined as '^^^gmults{x). Let Si and S2 be two multisets. The join of Si and 
iS2, denoted as Si\i) S2, is the multiset that have all the members of Si as well as S2 such 
that for any x E Si^ S2, m^ultg^i^js^^x) = m,ultsi{x) + m^ultg^^x). 

Let a, P he two colors. An {a, P)-maximal hichromatic path with respect to is 
maximal path consisting of edges that are colored a and (5 alternatingly. An («,/3,-u,f)- 
critical path is an [a, /3)-maximal bichromatic path which starts at the vertex u with an 
edge colored a and ends at v with an edge colored a. 

A graph G is called an acyclically edge k-critical graph if x'ai^) > ^ ^^^ ^iny proper 
subgraph of G is acyclically edge /c-colorable. Obviously, if G is an acyclically edge k- 
critical graph with k > A(G'), then A(G) > 3. The following facts are obvious. 

Fact 3.1 Given a pair of color a and f3 of a proper edge coloring of G, there is at most 
one {a, f3) -maximal bichromatic path containing a particular vertex v, with respect to 0. 

Fact 3.2 Let G be an acyclically edge k-critical graph, and uv be an edge of G. Then for 

any acyclically edge k - coloring (p ofG — uv, if C^{u)r\G^{y) = 0, then d{u)-\-d{v) > k + 2. 

t 
If \G^{u) n G^{y)\ = t, say (piuui) = (j){yvi) for i = 1,2, ..,t, then ^ d{vi) + d{u) + d{y) > 

i=l 
t 

k + t + 2 andY. d{ui) + d{u) + d{v) >k + t + 2. 

i=l 

In [10], Hou et al. considered the properties of acyclically edge /c-critical graphs and 
got the following lemmas. 

Lemma 3.1 [10] Any acyclically edge k-critical graph is 2-connected. 

Lemma 3.2 [10] Let G be an acyclically edge k-critical graph with k > A(G') + 2 and v 
be a 3-vertex of G. Then the neighbors of v are {k — A(G') + 2)^ -vertices. 



In this section, we give some properties of acyclically edge critical graphs, which will 
be used in the proof of Theorem 1.1. 

Lemma 3.3 Let v be a 2-vertex of an acyclically edge k-critical graph G with k > A(G'). 
Then the neighbors of v are {k — A{G) + 3)^ -vertices. 

Proof. Suppose to the contrary that v has a neighbor u whose degree is at most 
k -A{G) + 2. Let N{v) = {u, w} and N{u) = {v, ui, U2, ■ ■ ■ , «<}, where t <k- A{G) + 1. 
Then the graph G' = G — uv admits an acyclic edge A;-coloring by the choice of G with 
(piuui) = i ioT 1 < i < t. Since d{u) + d{v) < A(G) + 2, we have (piwv) G G^{u) by Fact 
3.2, say (f){wv) = 1. Then for any t+l<i<k, there is a (1, i, u, f )-critical path through 
Ml and w with respect to 0, since otherwise we can color uv with i properly with avoiding 
bichromatic cycle, a contradiction to the choice of G. Thus A(G') > d{ui) > k — t + 1. 
This implies that t = k- A(G) + 1 and G^{ui) = G^{w) = {l,k- A{G) +2,...,k}. 
Recolor wv with 2, by the same argument, there is a (2,i,-u,f )-critical path through U2 
and w for any t + 1 < i < k. Now exchange the colors on uui and UU2, and color uv with 
t + 1. The resulting coloring is an acyclic edge coloring of G using k colors by Fact 3.1, a 
contradiction. I 

Lemma 3.4 Let v be a t-vertex of an acyclically edge k-critical graph G with k > A(G) 
andt>k- A{G) + 2. Then n2iv) < t + A{G) -k-2. 

Proof. If n2{v) = 0, we are done. Otherwise, t > k — A{G) + 3 by Lemma 3.3. 
By contradiction, suppose that v has neighbors Vi,V2,--- ,Vt with d{vi) > 3 for any 
1 < i < m, where m < k — A{G) + 1, and N{vi) = {v, Ui} for any m -\- 1 < i < t. The 
graph G" = G — vVf admits an acyclic edge /c-coloring by the choice of G with (f){vvi) = i 
for 1 < i < t - 1. Since d{v) + d{vt) < A{G) + 2, (j){utVt) G {1, 2, ■ ■ ■ , m} by Fact 3.2, say 
(j){utVt) = 1. Then for any color i with t < i < k, there is a (1, i, v, ft)-critical path through 
Vi and Ut- Note that for any i with m-\-l<i<t — 1, the color i should appear on Ut, 
since otherwise, we can recolor UtVt with i and color vvt with a color appearing neither on 
V nor on Vi. Thus {m + 1, ■ ■ ■ ,k} (^ G^{ut). Then A{G) > d{ut) > k — m + 1. This implies 
that m = k — A{G) + 1 and d{ut) = A{G). For any 1 < i < m, and t < j < k, there is 
a {i,j,v,Vt)-cntical path through Vi and Ut if we recolor VtVt with i, since otherwise, we 
can recolor UfVt with i and color vVf with j. 

Claim. For any m-\-l<i<t— 1, there is a (1, i, v, ff)-critical path through vi and 
Ut with respect to 0. 

Proof. Otherwise, suppose that there exists a color io with m-{-l<io<t — 1, such 
that there is not a {l,iQ,v,Vt)-cntical path through vi and Ut. Color vvt with io, uncolor 
Wig, the colors on the other edges unchange, we get an acyclic edge coloring ip of G — vvi^. 
It follows from Fact 3.2 that ipiui^Vig) G {1, 2, ■ ■ ■ , m}. Coloring vvi^ with t results in an 
acyclic edge coloring of G, a contradiction. I 

If we recolor UtVt with 2, as in the proof above, there is a (2,-i,f ,f()-critical path 
through V2 and Ut for any m + l<i<t — 1. Thus d{vi) = A{G) and F^{vVi) = 
{m + 1, ■ ■ ■ ,k} for i = 1,2. We exchange the colors on vvi and VV2, and color vvt with t. 
The resulting coloring is an acyclic edge coloring of G by Fact 3.1, a contradiction. I 



Lemma 3.5 Let uv be an edge of an acyclically edge k-critical graph G with k > A(G'). 
If d{u) + d{y) < k — A(G) + 4, then for any acyclic edge k-coloring (p of G — uv, \C^{v) fl 
C^{u)\>2. 

Proof. By contradiction, suppose that there exists an acychc edge A;-coloring of 
G — uv such that |C^(w) fl G^{u)\ < 1. It follows from Fact 3.2 that \C^{v) fl C^{u)\ = 1, 
say 0(mmi) = 0(wi) = 1. Let T = [k]\C^{v) U C^{u). Then \T\ = k - \C^{v) UC^{u)\ > 
k — {k — A(G') + 1) = A(G') — 1. Moreover, for any color i & T, there is a (1, i, u, f )-critical 
path through ui and vi. This imphes that \T\ = A(G) — 1, F^{uui) = F^{vvi) = T, 
and d{u) + d{v) = k — A{G) + 4 > 5. We may assume that d{u) > 3. Let U2 be 
another neighbor of u different from Ui and assume that (j){uu2) = 2. Then 2 ^ Grp{v). 
Recoloring vvi with 2 results in another acyclic edge fc-coloring 0' oi G — uv. Similarly, 
there is a (2, i, u, f )-critical path through U2 and Vi with respect to (p' for any i E T. Thus 
F^{uu2) = T . Then we exchange the colors on uui and UU2, and color uv with a color in 
T. By Fact 3.1, the resulting coloring is an acyclic edge coloring of G, a contradiction. I 

Lemma 3.6 Let v he 3^-vertex of an acyclically edge k-critical graph G with neighbors 
u,vi,V2,- ■ ■ ,Vt, where k > A(G'), and be an acyclic edge k-coloring of G — uv. If 
d{u) + d{y) < k - A(G) + 4 and \G^{v) fl G^{u)\ = 2, then the multiset S = F^{vvi) W 
F4>{vv2) l±) ■ ■ ■ F^ivvt) contains at least d{u) colors from G^{u) U G^{v). 

ProoL Assume that (t){vvi) = i for i = 1, 2, ■ ■ ■ , t, {1,2} C G^{u). Let T = [k]\ 
G^iv) U G^iu). Then \T\ = k - \G^(y) U G^{u)\ > k - {k - A(G)) = A(G), and for any 
color i E T, there is either a (1, i, u, w)-critical path or a (2, i, u, v)-critical path. Note that 
for 2 = 1,2, F^{vvi)n{3, ■ ■ ■ , t} 7^ 0, since otherwise, we can choose a color from T\F(f,{vVi) 
to recolor vVi and get a new acyclic edge coloring 0' of G — uv with \G(f,'{v) fl G(f,/{u)\ = 1 
by Fact 3.1, a contradiction to Lemma 3.5. 

Now we show S contains at least d{u) — 2 colors from G^{u), which implies that S 
contains at least d{u) colors from G^{u) UG^iy). Otherwise, let a, (3 be two colors in G^{u) 
but not contain in S. Then recolor vvi with a and VV2 with /3. The resulting coloring 
is an acyclic edge coloring 0' of G — -Uf . Then for any color i E T, there is either an 
(a,i,M,f)-critical path through t>i, or an (/3,-i,-u,t>)-critical path through t>2 with respect 
to 0'. Assume that (piuu') = a and (piuu") = /3. Since \T\ > A(G), there exists a color 
7 G T \ F^(uu'). Then 7 G F^{uu") and there is a (/3, 7, m, f )-critical path through m" and 
t>2. Now we give an acychc edge /c-coloring (/? of G by v'(ff 1) = /3, v^(f ^2) = a, (p{uv) = 7, 
and (/9(e) = 0(e) for the other edges of G, a contradiction. 



I 



4 Proof of Theorem 1.1 



Proof of Theorem 1.1. By contradiction, let G be a planar graph with a fixed embed- 
ding in the plane and suppose that G is an acyclically edge (A(G) + 10)-critical graph, 
i.e., G is the minimum counterexample to the theorem in terms of the number of edges. 
Then G is 2-connected by Lemma 3.1. Let f be a vertex of G. If d{v) = 2, then the 
neighbors of v are 13"'"-vertices by Lemma 3.3. If d{v) = 3, then the neighbors of v are 
12+-vertices by Lemma 3.2. If d{v) > 12, then n2{v) < d{v) — 12 by Lemma 3.4. 



Now we show that G contains the configuration (vAs) or (^4). Let H be the graph 
obtained by deleting all 2-vertices from G. Then for any vertex v G V{H), either dniv) = 
dciv) > 3, or dniv) > 12 by Lemma 3.4. It follows from Lemma 2.1 that there exists a 
5^-vertex v in H such that v belongs to one of the configurations (^2)) (-^3)1 (-^4)- This 
implies that dciv) = duiy) and v belongs to one of the configurations (^2), (-^3)) (-^4) 
in G by Lemma 3.4. However, if d{v) = 3, then the neighbors of v are 12+-vertices by 
Lemma 3.2. Thus G contain the configuration (.4.3) or (.4.4). 

Suppose that v has neighbors f 1, f2, ■ ' ' y "^t, where t = 3, 4, with d{vi) < d{v2) < ■ ■ ■ < 
(i(fj), vi has neighbors v,Wi^W2^- ■ ■ ,Ws, and let k = A(G') + 10 for simplicity. Then 
the graph G' = G — vvi admits an acyclic edge /c-coloring by the choice of G with 
(f){viWi) = i for 1 < i < s. Since d{v) + d{vi) < 11, |C<^(f) fl G^{vi)\ > 2 by Lemma 3.5. 
Let T = [k]\ (C^(f ) U C^(fi)) and S = F^(vv2) W ■ • ■ l±l F^{vvt). Then Now we derive an 
acyclic edge /c-coloring of G from 0, a contradiction. 

Case 1. d{v) = 4 with d{vi) < 7 and d{v2) < 9. 

Note that \T\ = k - {s + I) > A{G) + 3 and ||5|| < 2{A{G) - 1) + 8 = 2A{G) + 6. 
We consider the number of colors in G(p{v) fl C<^(fi). 

Subcase 1.1. \C^{v) n C^(t;i)| = 2. 

Suppose that (f>{vxi) = (t){viWi) = i ior i = 1,2, where i G {v2,V3,V4}. Then for any 
color s + 2 < i < k, there is either a (l,i,f , wi)-critical path through xi and wi, or a 
(2,i,f ,fi)-critical path through X2 and W2 with respect to 0. Since S contains at least 
d{vi) colors from G^{v) U G^{vi) by Lemma 3.6, there exists a color a E T such that 
multsia) = 1, say a ^ -F<^(ff2)- Recoloring vv2 with a results in an acyclic edge coloring 
(f)' oi G — vvi with \G(p>{v) fl G(p>{vi)\ = 1, a contradiction to Lemma 3.5. 

Subcase 1.2 \G^{v) n C^(t;i)| = 3. 

In this case, \T\ = k — s > A(G) + 4. This implies that there exists a color a E T 
such that mults{oi) = 1, say a ^ ^0(^2). Recoloring vv2 with a results in an acyclic 
edge coloring 0' of G — vvi with \G^'{v) fl G^'{vi)\ = 2, and the argument in Subcase 1.1 
works. 

Case 2 d(v) = 5, with d(vi) < 6, d{v2) < 7 and ^(^3) < 8. 

Note that \T\ = k-{s+2) = A(G') + 8-s and ||5|| < 2(A(G')-l) + 6 + 7 = 2A(G') + 11. 
We consider the number of colors in G^{v) fl G(p{vi). 

Subcase 2.1 \G^{v) fl G4,{vi)\ = 2. 

Suppose that (f){vXi) = (piyiWi) = i ior i = 1,2, where i G {v2,V3,V4}. Then for any 
color s + 2 < i < k, there is either a (l,i,f ,fi)-critical path through xi and wi, or a 
(2,i,t>,fi)-critical path through X2 and W2 with respect to 0. Since S contains at least 
s + 1 colors from G(f,{v) U C(/,(fi) by Lemma 3.6, there exists a color a E T, such that 
mults{a) = 1, say a ^ F^{vv'). Recoloring ff' with a results in an acyclic edge coloring 
0' of G — vvi with \G^i{v) n G^i{vi)\ = 1, a contradiction to Lemma 3.5. 

Subcase 2.2 \C^{v) n G^{vi)\ = 3. 

Suppose that N{v) = {vi,Xi,--- ,0:4}, (p{vxi) = (piviWi) = i for i = 1,2,3 and 
0(fa;4) = s + 1. Then for any color i E T, there is either a (1, i, v, f i)-critical path through 
xi, or a (2,i,f ,fi)-critical path through X2, or a (3,i,f ,fi)-critical path through 0:3. Let 



S' = F^{vxi)\SF^{vx2)^F^{vx3). Note that \T\ = k-{s + l) = A(G') + 9-s > A(G')+4, 
||5'|| < 2(A(G')-l) + 7 = 2A(G') + 5. There exists a color a G T, such that mM/t^/ (a) = 1, 
say a G F^{vxi). Recoloring vx2 with a resuhs in a proper edge coloring 0' of G — vvi 
with \C^'{v) n C^'{vi)\ = 2. If there is no bichromatic cycle with respect to </)', we are 
done. Otherwise, there is a (s + l,Q;,f ,X2)-critical path through X4 with respect to 0'. 
Let (f)"{vx3) = a, 0"(e) = 0(e) for the other edges e G G — vvi. Then 0" is an acychc edge 
coloring of G — vvi with |C<^//(t;) fl C^ii{vi)\ = 2 by Fact 3.1 and the argument in Subcase 
2.1 works. 

Subcase 2.3 \C^{v) n C^K)| = 4. 

Suppose that (f){vvi) = i — 1 for 2 < i < 5. Recolor vv2 with a color from T\F^{vv2) and 
get an proper edge coloring 0' of G — ffi. If 0' does not contain bichromatic cycle, then 0' 
is acyclic with \C^'{v) nG<^/(fi)| = 3, and the argument in Subcase 2.2 works. Otherwise, 
F4,ivv2) n {2, 3, 4} ^ 0. Similarly, for i = 3, 4, 5, F^{vvi) n {1, 2, 3, 4} ^ 0. Thus 5 contains 
at least four colors from {1,2, 3, 4}. Since \T\ = k-s> A(G) + 5and ||5|| < 2A(G) + 11, 
there exists a color a E T, such that mults{a) = 1, say a ^ ^^(ffi). Recoloring vvi 
with q; results in an acyclic edge coloring 0" of G — vvi with |G(^//(f ) fl G0"(fi)| = 3, the 
argument in Subcase 2.2 works. 

In any case, we can get an acyclic edge coloring of G with A(G) + 10 colors, a contra- 
diction. I 

Determining the acyclic chromatic index of a graph is a hard problem both from the- 
oretical and algorithmic points of view. Even for complete graphs, the acyclic chromatic 
index is still not determined exactly. 

Problem 4.1 Determine the acyclic chromatic index of planar graphs. 
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